COMPLETIONS OF VALUATION RINGS 



STEVEN DALE CUTKOSKY AND LAURA GHEZZI 

Abstract. Let A; be a field of characteristic zero, K an algebraic function field 
over fc, and V a fc-valuation ring of K. Zariski's theorem of local uniformization 
shows that there exist algebraic regular local rings Ri with quotient field K which 
are dominated by V, and such that the direct limit URi = V. 

We investigate the ring T = URi. The ring T is Henselian and thus can be 
considered to be a "completion" of the valuation ring V. We give an example 
showing that T is in general not a valuation ring. Making use of a result of Heinzer 
and Sally, we give necessary and sufficient conditions for T to be a valuation ring. 

The essential obstruction to T being a valuation ring is the problem of the rank 
of the valuation increasing upon extending the valuation dominating a particular 
R to a valuation dominating its completion. In the case of rank 1 valuations, we 
show that this problem can be handled in a very satisfactory way. 

Finally, suppose that K* is a finite algebraic extension of K and V* is a rank 
1 fc-valuation ring of K* such that V = V* n K. We obtain a relative local 
uniformization theorem for the extension K* of K, that generalizes previous 
results of Cutkosky and Piltant. 



1. Introduction 

Suppose that k is a field of characteristic zero, K is an algebraic function field over 
fc, and V is a k- valuation ring of K (that is, k C V and the quotient field of V is K). 
Zariski's theorem of local uniformization [23] shows that there exist algebraic regular 
local rings Ri with quotient field K which are dominated by V, and such that the 
direct limit 

URi = V. 

Now suppose that K* is a finite algebraic extension of K and V* is a fc-valuation ring 
of K* such that V — V* n K. Let T* be the value group of V*, and T be the value 
group of V. 

The first author has shown with Olivier Piltant in [9] that a relative local uni- 
formization theorem holds for the extension K* of K, which gives the strongest 
possible generalization of the classical ramification theory of Dedekind domains to 
general valuations. The following theorem is a summary of some of the conclusions 
of Theorem 6.3 [9]. 

Theorem 1.1. Suppose that assumptions and notations are as above. Let k! be an 
algebraic closure of V* /my ■ Then there exist a directed system of algebraic regular 
local rings Si with quotient field K* which are dominated by V* , and a directed system 
of algebraic normal local rings Ri with quotient field K which are dominated by V such 
that 

(1) LiSi = V* and UR % = V. 

(2) Si is a localization at a maximal ideal of the integral closure of Ri in K* for 
all i. 
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(3) There exist actions ofT*/T on Si ®s 4 / ms . k' which are compatible with the 
directed system so that 

(Si ®S i/mSi fcO 1 "^ = Ri ®fl*/m Ri k'. 

It was shown by an example of Abhyankar [2] that it is in general not possible 
to find an algebraic regular local ring S with quotient field K* which is dominated 
by V* such that there exists an algebraic regular local ring R with quotient field K 
such that S is a localization of the integral closure of R in K* . The fact (proven in 
[9] and [7]) that normal local rings R exist satisfying this property proves the "local 
weak simultaneous resolution conjecture" of Abhyankar, posed by Abhyankar in [2] 
and [5]. The Ri found in the proof of Theorem 1.1 in fact have toric singularities. 
This is reflected in the fact stated above that their completions are abelian quotient 
singularities. 

From this theorem we obtain the following. 

Theorem 1.2. Let notations be as in Theorem 1.1. Let U* = L)Si ®Si/m s - k' and let 
U = URi l ^R i /„ lR . k' . Then U* and U are Henselian normal domains, and Q(U*~) is 
a finite Galois extension of Q(U) with Galois group F*/F. 

We give a proof of Theorem 1.2 in Section 3. 

In this paper we compare the "completion" of Theorem 1.2 with other notions of 
completion of a valuation ring ([16], [18], [19], [14], [21], [22]). 

Let us briefly allow k to be an arbitrary field. We summarize some of the results of 
Section 4. Suppose that {Ri} is a directed system of normal algebraic local rings which 
are dominated by V, and such that URi = V. The ring T = URi does not depend 
on our choice of {Ri} whose union is V (Lemma 4.1), and is Henselian (Proposition 
4.2). Thus T can be considered to be a "completion" of the valuation ring V. We 
give an example showing that T is in general not a valuation ring, and we show that 
T is itself a valuation ring if and only if for each i there exists a unique valuation ring 
Vi with quotient field Ki (where Ki is the quotient field of Ri) which dominates V 
and Ri. (Theorem 4.4). We make use of a theorem of Heinzer and Sally [14] on the 
uniqueness of extensions of valuations dominating a local ring to their completion in 
proving this result. 

We give an example (Example 7.5) showing that even if V and T are rank 1 
valuation rings, then T is in general not complete and in particular is not a maximal 
immediate extension, as defined in [18] and [16]. 

The essential obstruction to T being a valuation ring is the problem of the rank 
of the valuation increasing upon extending the valuation dominating a particular R 
to a valuation dominating its completion (Corollary to Theorem 4.4). In the case of 
rank 1 valuations, this problem can be handled in a very satisfactory way, and (in 
characteristic zero) we will obtain a good valuation theoretic explanation of Theorem 
1.2. 

In Section 5, we define the prime ideal p(R)oo of elements of infinite value of 
the completion R of an algebraic local ring R dominated by a rank 1 valuation V . 
This prime has previously been defined and considered in [6] and [22], as well as 
by Spivakovsky. The essential point here is that there is a unique extension of the 
valuation ring V to a valuation ring of the quotient field of R/p(R)oo which dominates 
R/p(R)oo. We conclude that there is a unique valuation ring V of the quotient field 
of the ring T = URi/p(Ri) oc which contains T. 
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In the case when V has rank greater than 1 there is no natural ideal in R which 
contains the obstruction to the jumping of the rank of an extension of V to R, although 
this obstruction is obtained in a series of prime ideals in quotient rings of R. 

For the remainder of this introduction we assume that k has characteristic zero, 
and V has rank 1. We prove that T is in fact a valuation ring in Theorem 7.3, and 
that (T,Q(T)) is an immediate Henselian extension of (V,K) in Theorem 7.4. 

We further show (in Theorem 7.4) that we can choose our system of regular local 
rings Ri so that each Ri/p(R i ) 00 is a regular local ring. The main new technical result 
used in this statement is Theorem 6.5, which shows that we can simultaneously resolve 
the primes of infinite value in a finite extension. In this case the "finite extension" is 
just the identity, but we will need this more general result later. 

We now turn to an analysis of our finite extension K* over K, in the case when 
V* (and V = V* (~l K ) are rank 1 valuation rings and k has characteristic zero. We 
make essential use of Theorem 6.5 (on simultaneous resolution of the primes of infinite 
value). We obtain in Theorems 8.1 and 8.2 a generalization of Theorem 5.1 [6] and 
Theorem 1.1 (Theorem 6.3 [9]) in this context. Let k' be an algebraic closure of 
V* I my, . We find a system of regular local rings Si whose union is V* , and a system 
of normal local rings Ri whose union is V , such that for all i, Si is a localization at a 
maximal ideal of the integral closure of Ri in K* . If qi and pi are the respective primes 
of infinite value, then Si/qi is a regular local ring and Ri/pi is a normal local ring 
with toric singularities. There are compatible actions of T*/r on (Si/qi) ®Si/m S - ^' 
such that 

{(Si/qi) ^S./ms, k'f' /r = (Ri/Pi) ®R>/ mRz k '- 
From Theorems 8.1 and 8.2 we obtain the following. 

Theorem 1.3. Let notations be as in Theorem 1.1. Assume that V* (and V = 
V* n K) have rank 1, and that k = V* /my* is algebraically closed of characteristic 
zero. Then there exist directed systems of algebraic local rings Ri and Si satisfying 
the conclusions of Theorem 1.1 and such that Ri/pi and Si/qi, where qi and pi are the 
primes of elements of infinite value, satisfy the conclusions of the above paragraph. 
Let U = LiSi/qi and let U = URi/pi. Then U and U are Henselian valuation 
rings, such that (U ,Q(U )) and (U,Q(Uj) are immediate extensions of (V*,K*) 
and (V, K) respectively, and Q(U ) is a finite Galois extension of Q(U) with Galois 

group r*/r. 

We give the proof of Theorem 1.3 in Section 8. 

2. Notations 

We will denote the maximal ideal of a local ring R by rriR or m(R). We will denote 
the quotient field of a domain R by Q(R). Suppose that R C S is an inclusion of 
local rings. We will say that R dominates S if ms C\R = tur. Suppose that K is an 
algebraic function field over a field k. We will say that a subring R of K is algebraic 
if R is essentially of finite type over k. Suppose that K* is a finite extension of an 
algebraic function field K, R is a local ring with quotient field K and S is a local ring 
with quotient field K*. We will say that S lies over R and R lies below S if S is a 
localization at a maximal ideal of the integral closure of R in K*. If R is a local ring, 
R will denote the completion of R at its maximal ideal. 

Good introductions to the valuation theory which we require in this paper can be 
found in Chapter VI of [24] and in [3] . A valuation v of K will be called a fc-valuation 
if v(k) = 0. We will denote by V v the associated valuation ring, which necessarily 
contains k. A valuation ring V of K will be called a fc-valuation ring if fc C V. The 
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residue field V/mv of a valuation ring V will be denoted by k(v). The value group 
of a valuation v with valuation ring V will be denoted by T v or Ty . If P is a subring 
of V v then the center of v (the center of V v ) on P is the prime ideal P fl my„. 

Suppose that P is a local domain. A monoidal transform R — > Pi is a birational 
extension of local domains such that Pi = P[|r]m where P is a regular prime ideal 
of R, 7^ .x e P and m is a prime ideal of P[— ] such that mflJ? = m.R. P — > Pi is 
called a quadratic transform if P = m#. 

If P is regular, and P — > Pi is a monoidal transform, then there exists a regular 
system of parameters (x\, . . . , x n ) in P and r < n such that 

_ R [x 2 av" 

Suppose that ^ is a valuation of the quotient field P with valuation ring V v which 
dominates P. Then P — > Pi is a monoidal transform along i/ (along V v ) ifv dominates 
Pi. 

3. Completion of relative local uniformization 
We now give the proof of Theorem 1.2. 

Let Si = Si ®Si/m Si k',Ri = Ri ®R,/ mRz k' for i e I and let G = T*/T. U* is the 
directed union of the Si and U is the directed union of the Ri- The fact that Ri is a 
normal domain implies Ri is a normal domain (Chapter VIII, Section 13, Theorem 32 
[24]) and thus Ri is a normal local domain (Proposition IV. 6. 7. 4 [11]). Thus U (and 
U*) are normal domains. The fact that U and U* are Henselian follows from the proof 
of Proposition 4.2. The action of G on U* extends to an action on Q(U*). Suppose 
that h G U* and a(h) = h for all a e G. There exists i such that h € Q(Si). Since Si 
is finite over P, and sf = Ri, it follows that Q(Si) G = Q{Ri). Thus heQ(U). We 
conclude that Q(U*) G — Q(U), so that Q(U*) is a finite Galois extension of Q(U) 
(c.f. Theorem V.2.15 [15]). 

Remark 3.1. The statement that Q{U*) is finite over Q(U) can be seen directly 
from the fact that the minimal polynomial of each Q(Si) over Q(R{) is a factor of the 
minimal polynomial of an appropriate primitive element of K* over K {by Proposition 
Ml])- 

The fact that the extension considered in Theorem 1.2 is Galois, even when the 
original field extension K* / K is not, is a condition that can be easily seen in the case 
when U and U* are valuation rings, as the first author realized with Franz- Viktor 
Kuhlmann in a discussion. 

Theorem 3.2. Suppose that V is a Henselian valuation ring of a field K , such that 
V contains an algebraically closed field k of characteristic zero, with k = V/m v . If L 
is a finite extension of K , then there is a unique valuation ring W of L such that W 
dominates V , and L is Galois over K with Galois group Tw/^v, where Tw and Ty 
are the respective value groups. 

Proof. Let J be a finite Galois extension of K which contains L. Let G be the Galois 
group of J over K. Since V is Henselian, there exists a unique valuation ring U of J 
such that U dominates V ((16.4), (16.6) [10]). Thus the splitting group G S (U/V) = G 
by Proposition 1.46 [3]. We have U/mu = Vjmy = k since k is algebraically closed. 
Thus the inertia group G l (U/V) = G S (U/V) = G by Theorem 1.48 [3]. Finally, 

G = G*(U/V) = Tu/r v 

by Theorem 3 [17] or Chapter VI, Section 12, Corollary [24]. 
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Since G is abclian, all intermediate subfields of J are Galois over K. Thus L is 
Galois over K, and the Galois group of L over K is Tw/^v- □ 

4. Completions of valuation rings 

Suppose that K is an algebraic function field over a field k, and V is a valuation 
ring of K with maximal ideal my and value group T. Suppose that {Ri | i £ 7} is a 
directed system of normal local rings such that 

(a) V = U ieI Ri. 

(b) 7 has a minimum 0. 

(c) Each Ri is essentially of finite type over k and has quotient field K. 

(d) If i < j then i?j dominates Ri. 

Let 7i"j be the quotient field of Ri. By Zariski's subspace theorem ((10.13) [4]) we 
have natural inclusions Ri — > 72j if i < j, and | z e 7} is a directed system of 
normal local rings (Scholie 7.8.3 [11]). Let 

T = Ui e iRi 

and TTqo = UTQ. T is a normal domain with quotient field and maximal ideal 
rax — Utoa . 

Given a valuation ring V as above, there exists a directed system of normal local 
rings {Ri} whose union is V. A particular construction is as follows. We take i? to be 
any normal local ring which is dominated by V. If m £ N and /i, . . . , / TO £ F we set 
* = (/l) • • • 7 /m) an d let 7^ be the localization of the normalization of i? [/i, ■ • ■ , f m ] 
which is dominated by V. 

Lemma 4.1. The ring T = {J ie iRi is independent of choice of directed system {Ri | 
i E 7} satisfying (a),(b),(c), and (d). 

Proof. Let 7 be a partially ordered set, and let {Sj \ j £ J} be a collection of algebraic 
local rings with quotient field K 7 such that {Sj} satisfies (a),(b),(c) and (d). We show 
that UieiRi = Uj e jSj. 

Let i £ I. Since Ri is essentially of finite type over k and dominated by V, 
there exist fi,...,f m G V such that i?; = . . . , f m ]m V nk[fi,...,f m ]- Since v = 
Uj e jSj and J is directed, there exists j £ J such that fi,...,f m £ Sj, and so 
k[fi, fm]m V nk[fi,...,f m ] C Sj, since 5j is dominated by V. Hence J?j C Sj. There 
is then a natural inclusion 7?^ C Sj, and thus Ui^i&i C Uj^jSj. The other inclusion 
is proven in the same way. □ 

Proposition 4.2. The ring T = yj ie iRi is Henselian. 

Proof. Let F £ T[x] and 4>i,4>2 £ T/mxlx] be monic polynomials such that <j>i and 
4>2 are relatively prime and F — n(F) = 4>\4>2, where ir : T — > T/rnx is the natural 
projection. We need to show that there exist monic polynomials Fi,F 2 £ T[x] such 
that tt(7\) = 1; tt(F 2 ) = 2 , and F = F 1 F 2 . 

Since both T = L)Ri and T/rriT — URi/m^ are directed unions, there exists c £ I 
such that F £ R c [x] and <pi, 2 S R c /m^ . 

Since 7? c is complete, there exist monic polynomials Fi,F 2 £ R c [x] such that 
tt'(Fi) = 0i, 7r'(F 2 ) = 02, and F = F 1 F 2 . Since Fi,F 2 £ T[x], F x and F 2 are the 
desired polynomials. □ 

Example 4.3. In general, T is not a valuation ring. 
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Proof. Let k be a field and R = k[x, y, z\^ xy _ z y We will define a valuation v on 
K = Q(R) which dominates R. Let p(t) = Y^Li MM] be a transcendental 

series. If / G k[x, y, z] write / = z r g(x, y, z) where g(x, y, 0) ^ 0. We define 

u(f) = (r, ord fl (t,p(t),0)). 

The value group of v is Z © Z with the lexicographic order. Let V be the valuation 
ring of v and let Ri be a directed system of regular local rings satisfying (a) , (b) , (c) 
and (d) with R = R. Such a system exists by Theorem 1.1. In particular, V = URj. 

We will suppose that T is a valuation ring and derive a contradiction. Let 77 be 
an extension of v to Q(T) such that T is the valuation ring of 77. There is a natural 
embedding of value groups 

L = ZffiZcr F . 

G Q(T). If > let / = If F(— Vt) < let / = "zEM. By 

y—p(x) 7 Vy— pfa:)/ — *> y—p{x) \ y— / ■> 2 J 

construction F(/) > so that / G T (by our assumption that T is a valuation ring). 
Thus there exists ^ such that / G -fi^. By our hypothesis, Ri dominates R. Since 
Ri is essentially of finite type over R, Q(R) = Q{Ri) and R is a UFD, there exists an 
ideal I C i? of height > 2 and a G I with 

^(a) = mm{f(h) \ h G 1} 

such that R[±] C V and 

= ^[-] mv nfl[f ] 

Since / <t (z), we have that u(a) G {0} © Z. Let i?' = R[z\ mT nR[±y 

f G Q(i?) n Ri = Q(R') DR' = R'. 

For the last equality, c.f. Lemma 2.1 [6]. 

We can thus write / = § with g,h E R[±] and h ^ m T n R[^\. Thus 77(/i) = 0. 
There exists n G N such that a"g = 50, = ^0 and go, ho G -R. Thus V(ho) = 
nv(a) + V{h) = (0, m) for some to G N. 

If / = ' we nave ^0 = (y - p(x))go implies y - p(ar) divides h in .R. But 

m+1 00 

y - p(x) = (y - £ o^*) - x m + 2 ( £ a^-" 1 " 2 ). 

i— 1 i= m+2 

Thus V(y — p(x j) > (0, m), which is a contradiction. 

If / = y ~ v ^ , then (y — p(x))h = zg implies z divides /lo in iZ. 
This is a contradiction since v(z) = (1,0) > (0, to) = F(fto). 

□ 

As an extension of the above example, we construct valuations v\, v-i of Q(R) which 
extend v and dominate R such that V\ is an immediate extensions of v (k(u) = k(vi) 
and r„ = T Ul ) but z/2 is a rank 3 valuation, of higher rank than v. 

We first define v\. For / G R, write 

f(x,y,z) = ^a i0 {y -p{x)) l z 3 (1) 

with Oij G k[[x}]. Let 

a = min{i + j \ dij(x) 7^ 0}, 
b = minjor d(ay (x)) i + j = a}. 
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Set v\{f) = (a,b) G Z © Z. t^i defines a valuation on Q(-R) which dominates R. We 
will now verify that v\ extends v. For / G fc[a;,y], write 

with each 6j G k\x,y}. Suppose that v{f) = (r,s). Comparing with (1), we see that 
for all j, 

oo 

bj(x,v) = ^2a ij {x)(y-p(x)) i . 

i=0 

Thus we either have that bj = or aoj ^ 0, since y — p(x) )/bj{x,y). Thus 

a = min{j | bj(x, y) ± 0} = r. 

Set g = jf. We have 

b = ord(ao r (a;)) = OTd(g(x,p(x))) = s. 

Thus v\{f) = v(f). It follows that v\ is an immediate extension of v. 

Now we define the extension v 2 - For / G R, write / = z a g(x,y,z) where 
z ]/ g{x, y, z). Write g(x,y,0) = (y — p(x))@h(x,y) where y — p(x) jf g(x, y, 0). Set 
7 = ord(/i(a;,p(a;))). Define v%{f) = (a, (3, 7) G Z 3 , where Z 3 has the lexicographic 
order. t/ 2 extends to a valuation of Q(R) which dominates R, and such that v 2 extends 
v. 

Theorem 4.4. T is a valuation ring if and only if for all i, there exists a unique 
valuation ring Vi with quotient field Ki which dominates V and Ri . 

Proof. Suppose that for all i, there exists a unique valuation ring Vi with quotient 
field Ki which dominates V and Ri. By Proposition 4.1 [14] 

Vi = Ri[V} mvki[v] cK i 

is a valuation ring for all i. Let 

V x = UVi = (uRi)[V} mv{uki)[v] c K x 

where K^ is the quotient field of T. f G ifoo implies f € Ki for some i which implies 
/ G Vi or j G Vi. Thus / G V^ or j e V^. Thus V^ is a valuation ring. V C U-Rj 

implies = \JR\ = T, and we conclude that T is a valuation ring. 

Now suppose that T is a valuation ring. Let m = Um^Ri be the maximal ideal of 
T. Without loss of generality, we may assume that V/m v is algebraic over k. For if 
this is not the case, we can replace k with a rational function field k! over k contained 
in all of the Ri such that V/my is algebraic over k'. 

Suppose that for some index i, V\ is a valuation ring with quotient field Ki which 
dominates R4 and V. We will show that there exists a valuation ring W\ with quotient 
field if oo which dominates T and such that W\V\ Ki = V\. 

Consider the domain A = T[V\] C K^. Let I C Abe the ideal I = (m+my 1 )A. We 
will first establish that 1^1. If it were true that 1 G i, then there would exist an index 
j > i such that 1 G (m^ + mv^RjlVi]. Since Ri — > Rj is birational, there exists an 
ideal b C Ri and x G b such that ^ C V and i?j is a localization of Ri[^] at a maximal 
ideal. Thus i?,[£] C V x since V CV\. Let ^ be a valuation of if j which has V± for its 
valuation ring. We have T7(i?i[|]) > and V{mR j ) > since — my 1 n Rj. Thus 
C mu, and V\ dominates Ri\\\ m p.rii- Thus there exists a valuation 
ring t/i of ifj such that U\V\Ki — V\ and C/i dominates _Rj (as follows from page 177 
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of [14]). (mij 3 - + mv 1 )Rj[Vi] C mu 1 implies 1 $ (to_r., + my-.JiijfV'i]. Thus we have a 
contradiction, and 1 £ I. 

Let a be a prime ideal in A which contains /. Suppose that h E A/ a. There 
exists an index j such that we can write ft as a class ft = E fr9r] with / r e V\ and 
,g r G -Rj. We have natural inclusions Rj/m^ A/a and Vi/my 1 A/a such that 
h is the image of the induced map Rj/m^ ®k Vi/my 1 — > A/a. Thus h is algebraic 
over Vi/myi, since Rj/m^, is finite over k. We conclude that A/a is algebraic over 
Vi/m Vl - 

There exists a valuation ring W\ which contains A such that mw x n A = a and 
Wi/mwx is algebraic over A/a, by Corollary 3 to Theorem 5' of Section 4, Chapter 
VI [24]. Let Wi = Wi l~l K t . Wi contains Vi and m Vl C ■ But Wi/m Wi is 

algebraic over V\/mv 1 since W\/mw x is algebraic over Vi/my^. Thus Vi = W\ by 
Theorem 2 of Section 3, Chapter VI [24] and Corollary 1 to Theorem 5 of Section 4, 
Chapter VI [24]. 

We have thus proved the existence of an extension W\ of V\ to Kao which restricts 
to V\ and dominates T. 

Continuing with the proof of the theorem, suppose that for some index i, the 
extension of V to K% which dominates Ri is not unique. There are then extensions 
V\ and V2 of V to K i which dominate Ri such that V\ CjL Vi and V2 <f- V\ ■ 

We have shown that there then exist valuation rings 14^1 and W2 of such that 
T C W 1 n W 2 , W 1 DK i = V x and W 2 n K t = V 2 . Thus W 1 £ W 2 and W 2 <£_ W x . 
But this is impossible since T is a valuation ring of K^, by Theorem 3, Section 3, 
Chapter VI [24]. □ 

Corollary 4.5. T is a valuation ring if for all i there does not exist an extension of 
V to Ki which dominates Ri of higher rank than the rank of V. 

Proof. This follows from Theorem 4.4 and the remark on page 181 of [14] which shows 
that if the extension of V to Ki which dominates Ri is not unique then there must 
be an extension of higher rank. □ 

The converse to the above corollary is false, as is seen by the following simple 
example. Let p(t) £ k[[t]] be a transcendental power series with constant term zero. 
Consider the rank 1 discrete valuation v on k(x,y) defined by the embedding of k- 
algebras 

k(x,y) -> k < t > 

generated by x = t,y = p(t) where k <^ t 3> denotes the quotient field of k[[t}]. v 
dominates R = k[x,y]( x ^ y y The valuation ring V of v extends uniquely to a rank 2 
valuation ring of the quotient field of k[[x, y}] which dominates k[[x, y]]. Furthermore, 
the construction gives a unique extension of V to a rank 2 valuation ring which 
dominates Q(S) for any algebraic normal local ring S of k(x, y) such that V dominates 
S and S dominates R. 

It follows from Theorem 4.4 that the examples in [14] of valuation rings dominating 
regular local rings R which do not have unique extensions in Q(R) dominating R 
generate examples where T is not a valuation ring. 

5. The prime ideal of elements of infinite value 

We will assume in this section that V has rank 1, that is, the value group of V is 
a (possibly nondiscrctc) subgroup F of R. Other notations and assumptions will be 
as in Section 4. 
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Lemma 5.1. Suppose that V has rank 1 and that R is an algebraic normal local ring 
of K such that V dominates R and f G R. Then one of the following must hold. 

(1) There exists p G T such that if {f n } is any Cauchy sequence in R which 
converges to f, then v{f n ) = P for all n>0. 

(2) I/per and if {/„} is any Cauchy sequence in R which converges to f, then 
Hfn) > P for n > 0. 

Proof. We first argue that (1) or (2) must hold for a fixed Cauchy sequence {f n } in 
R which converges to /. Suppose that (2) doesn't hold. Then there exists p G T such 
that given no £ N, there exists n > n such that v{fn) < P- Let i € N be such that 
iv(mR) > ~p, and let no be such that f m — f n G m R if m, n > no. There exists n > no 
such that v{fn) < p. Then v{f n ) = v(fn) if n > n , so (1) holds for {/„}. 

If {fn} and {gi} are two distinct Cauchy sequences in R which converge to /, then 
for all i G N, there exists n(i) such that /„ — gi G m R if n, I > n(i). Thus (l)(or (2)) 
holds for {f n } if and only if (1) (or (2)) holds for {gi}. □ 

Definition 5.2. Let R be as in the statement of Lemma 5.1. Let 

P(A)oo = 

{/ G R\ (2) of Lemma 5.1 holds for a Cauchy sequence {/„} in R which converges to 

Lemma 5.3. Let R be as in the statement of Lemma 5.1. Then 

(1) p(R)oc is a prime ideal of R such that p(R)oo H R = (0). 

(2) There exists a unique extension v of v to the quotient field K of R/p(R) QC 
which dominates R. Let V be the valuation ring of V. Then (V, K) is an 
immediate extension of (V, K). That is, Ty — Ty and k(V) = k(V). 

Proof. The facts that p(R) oo is prime and p(R) oo D R = (0) are immediate from 
Lemma 5.1. Suppose that 0^/1 p(R)oo G R/p{R)oc- We can find a Cauchy 
sequence {f n } in R such that {/«} satisfies (1) of Lemma 5.1 and {f n } converges to 
/. Let p = v(fn) for n >> 0. We necessarily have that V{g) = p if g — f +p(R) 00 . □ 

By a classical abuse of notation, we will say that v{f) = oo if / G p{R) oa . 

6. Simultaneous resolution of p^ 

Definition 6.1. Suppose that R is a normal local ring which is essentially of finite 
type over a field k of characteristic zero, with quotient field K . A normal uniformizing 
transformation sequence (NUTS) is a sequence of ring homomorphisms 

R 



T" 

1 

1 


- To 






I 


\ 




t' 

1 2 


■+ T" 

* 1 2 
I 



\ 

\ (2) 

L 

such that To = R, the completion of R with respect to its maximal ideal, and for all 
i, Ti is the completion with respect to its maximal ideal of a birational extension T i 
ofT'-_ l . For all i, T i is a normal local ring, T'[ is a normal local ring, essentially of 
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finite type over T i with quotient field Ki such that T \ C X \ C Tj and K is a finite 
extension of K, K i+i is a finite extension of Ki for all i > 0. 

Definition 6.1 is the extension of the definition of a UTS in Chapter 3 of [6] to 
normal local rings. 

To simplify notation, we will often denote the NUTS (2) by (R,T^,T n ) or by 

R —* To — > T\ — > T n . 
We will denote the NUTS consisting of the maps 

T n -i —> T n _ l — ► T n -\ 

1, -„ x 

T n — > T n — > T„ 

by T„_i -> T„. 

Suppose that ^ is a rank 1 fc-valuation of K, and i? is dominated by v. Suppose 
that V is an extension of v to the quotient field of T n which dominates T n . Then we 
will say that T — > T n is a NUTS along z/. When there is no danger of confusion, we 
will denote V by v. 

We define 

p(T n )oo = {/ e T„ | v(f) - oo}, 

A(T") = A(T„) = dim TJpfTjn. 

We define 

A(i?) = A (T ) - dim R/ P (R)oo- 
Lemma 6.2. Suppose that 

T-»T(1) >T(t) 

is a iVC/re i/. T/ien A(T) > X(T(t)). 

Lemma 6.2 is the generalization of Lemma 6.3 of [8] to a NUTS. The proof is the 
same. 

Let V be the valuation ring (in K) of v and let 
Ay = min {X(R) \ R is a normal algebraic local ring of K which is dominated by V}. 

Theorem 6.3. There exists an algebraic regular local ring R of K such that if 
(Ri,T (t),T(t)) is a NUTS along v with R\ an algebraic normal local ring of K 
such that R\ dominates R, then 

X(T(t)) = Ay. 

Proof. Suppose that R is an algebraic normal local ring such that X(R) = Ay. Let 
R be an algebraic regular local ring of K such that R dominates R and V dominates 
R. X(R) = Ay by Lemma 6.2. Suppose that (R 1 , T"(t),T(t)) is a NUTS along v 
with, R\ an algebraic normal local ring of K such that R\ dominates R. We have 
A(i?i) = Ay and A(T(f)) < Ay by Lemma 6.2. Let L be the quotient field of T"{t). L 
is a finite extension of K . By Theorem 4.2 [9] there exists an algebraic normal local 
ring i?3 of K and an algebraic regular local ring T^ of L such that our extension of 
V to L dominates T2, T2 dominates T (t), T2 dominates i?3 and R3 dominates R\, 
with the property that T 2 is finite over R 3 . Since p(T 2 )oo H -R3 = ^(^3)00, we have 
that X(R 3 ) = A(T 2 ). By Lemma 6.2, 

Ay = A(iJi) > A(T"(i)) > A(T 2 ) = A(i? 3 ) = Ay. 

□ 
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Theorem 6.4. Suppose that K* is a finite field extension of K and v* is an extension 
ofv to K* . Then Ay* = Ay and there exists an algebraic regular local ring R of K such 
that the conclusions of Theorem 6.3 hold with R = R and if S is an algebraic normal 
local ring of K* which is dominated by V* and dominates R, and (S, T (t),T(t)) is 
a NUTS along v* , then A(T(i)) = Ay. 

Proof. Let R be the regular local ring of the conclusions of Theorem 6.3. Let Si be a 
normal algebraic local ring of K* such that V* dominates Si and A (Si) = Ay*. Let 
S2 be an algebraic regular local ring such that V* dominates S2, S2 dominates Si and 
S2 dominates R. By Lemma 6.2, A(S2) = Ay*. By Theorem 4.2 [9] there exists an 
algebraic normal local ring R\ of K and an algebraic regular local ring S3 of K* such 
that V* dominates S3, S3 dominates S2, S3 dominates Ri and Ri dominates R, with 
the property that S3 is finite over Ri. Since p^^oo n Ri — p(Ri)oo, A(i?i) = X(Ss). 
By Theorem 6.3 and Lemma 6.2, 

Ay = A(i?i) = A(S 3 ) = A(S 2 ) =Ay.. 

By Lemma 5.3 [9] there exists an algebraic regular local ring R of K such that V 
dominates R, R dominates R and if S is an algebraic normal local ring of K* which 
is dominated by V* and which contains R, then S dominates S2. 

By Theorem 6.3 applied to S C K* which dominates S2, the conclusions of Theo- 
rem 6.4 hold. □ 

We now state a generalization of Theorem 5.1 [6] which resolves the prime ideal of 
infinite value terms. 

Theorem 6.5. Let k be a field of characteristic zero, K an algebraic function field, 
K* a finite algebraic extension of K, v* a k-valuation of K* , v = v* \ K, such that 
rank v = 1, rat rank v = s and 

s < A = Ay < n, 

where V is the valuation ring of u and n — trdeg^K — trdegkV/mv- Suppose that S* 
is an algebraic local ring with quotient field K* which is dominated by v* and R* is 
an algebraic local ring with quotient field K which is dominated by S* . Let V* be the 
valuation ring of v* . Then there exists a commutative diagram 

R -► S CV* 

T T 

R* S* 

where S* — > S and R* — ► Rq are sequences of monoidal transforms along v* such that 
Ro has regular parameters (xi,... ,x n ) and S has regular parameters (yi,... ,y n ) 
such that there are units 5i,...,S s G S and a s x s matrix A = (ay) of natural 
numbers such that det(A) 7^ 0, 

xi =vT 1 ■■■y a s ls ^ 

x s +i = Vs+l 
Xn — Vn 

and {i/(xi), . . . , v{x s )}, {u(yi), . . . , v{y s )} are rational bases of L„ ® Q = ® Q. 
Furthermore, 

p(Rq)oc = (gi,... ,g n -\) 
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with 

g l = x s+i mod m(R ) 2 

for 1 < i < n — X, and 

P(S)oo =p(Ro)ooS 

are regular primes. 

Remark 6.6. Suppose that in the hypothesis of Theorem 6.5 we further assume that 
R* — > S* is such that R* and S* have regular parameters [x\ , . . . , x* n ), {y'{, . . . , j/*) 
satisfying (3) and such that {v{x\), . . . , v{x* n )}, {^(t/i), • • • , ^(y*J} ar e rational bases 
of r„ <g) Q = IV ® Q ■ Then in the conclusions of Theorem 6. 5 we further have that 
there exist bj(i) G N, units o.i G Rq such that 

x*=x\ l{j) ---x b s ^ai 
for 1 < i < s and there exist Cj(i) G N, units fa G S such that 

for 1 < i < s. 

This follows since all transformations in the proof of Theorem 6.5 are "CUTS in 
the first n variables" (page 49 [6]). 

Proof, (of Theorem 6.5). Let R be the regular local ring of the conclusions of Theorem 
6.4. We first construct a commutative diagram 

Ri -> Si cV* 
t T 

R* -> S* 

such that the conclusions of Theorem 5.1 [6] hold, and R\ dominates R. Let R = R\, 
T" = R 1 and T = R 1 . We will now show that we can construct a CUTS T -y f(t) 
along v, which is in the first n variables (with the notation of Theorem 4.7 of [6]), 
such that p(r(t))oo has the form of (53) of page 49 of [6], 

P(T(t))oe = (~Z r (l)(t) - Qr(l){zi{t), ■ ■ ■ ,^ r (l)-l(i)), ■ • ■ ,Z r (n-\)(t) - Qr(n-X) (^1 (*) , ■ ■ ■ . ^r(n-A)-l (*))) 

(4) 

with s < r(l) < r(2) < • • • < r(n — A) < n and such that for 1 < i < n — A, 

Q r ( i )=^l(t) 0l(r(<)) ---7 a (t) ' (r(i)) « r ( i) 

where u r (j) is a unit series in ~zi(t), . . . ,z r (i)(t) with coefficients in k(co, ... , c<) (with 
the notation of (53) of page 49 of [6]). 

The construction of T — > T(t) follows from the proof of (53) of [6], with the insertion 
of the following at the bottom of page 54. "Since v(Qm) = < oo we can per- 

form by (54) [6] a UTS in the first m— 1 variables to get Qm = zi(t') ai ■ ■ ■z s (t') as u T n 
where G fc(co, . . . ,ct>)[[zi(t'), . . . ,~zm-i{t')]} is a unit series". 

Set S = Si, TJ" = 5i, U = S. We can now construct a CUTS U -> I7(t') so 
that (R 1 ,T''(t'),T(t')) and (Si, Cf" \t'),U(t')) is a CUTS along i/*, by Lemma 4.3 and 
Lemma 4.4 [6]. 

Set (*')>•■■ ^r(j)(*')) = ^r(j)(*') - Qr(j)(^l (*'),-•■ » ^r(j)-l(*')) for 1 < 3 < 

n — A. 

We will now show that the strict transform of p{R\) oo in T(t') is p(T(f')) oc . It 
suffices to show that the strict transform of p(Ri)oo in is p(T(l))oo. Then the 
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result follows by induction on t'. Let p = p(Ri)oo- There exists an ideal / in R\, 
f G I, and a maximal ideal n in -Ri[j] such that T(l) = R\[j} n - Let 

P = U°li (pRi[j] n :PRi[j] n 

be the strict transform of p in R\[j] n - P ^ -Ri[y]«. since the strict transform in -Ri[y]n 
of an element of infinite value must have infinite value, p is a prime ideal in i?i[j] n , 
and 

Ri/p^Ri[j] n /p 

is_birational (Section 0.2 [13], Corollary II.7.15_[12]). Thus dim T(l)/pT(l) = A. 
pT(l) is a prime contained in p(T(l))oo and dim T(l)/p(T(l))oo = A by Theorem 6.4 
(since R x contains R). Thus pT(l) = p^l))^. 

Hence there exist fi, ■ ■ ■ , f n -\ G p(Ri)oo, ci(i), . . . ,c s (i) G N for 1 < i < n — A 
and bij G T(t') such that det(6ij) is a unit in T(t'), fi = Mi(Y^Zi bijfjj) where 
Mi = zi(t') Cl(i) • • • z s (t') Csil) for 1 < i < n - A and 

(£,....£ 

Let m be a positive integer such that 

(maxi<j<n-A^(^r(j) (*'))) + (maxi< i <„_ A z/(M i )) 
m > — = . (5) 

By Theorem 4.8 [6] (with I = n) there exists a CRUTS along v, (Ri, R 1 , T(t')) and 
(Si.^i, U(t')) with associated MTSs 

5 -» S(i') 

T T 
i? -> i?(t') 

such that (with the notation of Theorem 4.8 [6]) 

n—X 

fi = M t (J2 M^i(*')> ■ • • ,5 n tf))§j@i(f), ■ ■ ■ ,%(j)(t')) + hi G p(i?(t'))oo 
i=i 

with Mi = Si(t') Cl(l) • • -§(0 Cs(i) , ft» G m(T(£')) m (where m is the integer of (5)) for 
1 < i < n — A, and such that (by (A3) of page 83 of [6]) v(zi(t')) — v(xi(t')) for 
1 < i < n, and 

v(Zr(i){t')) = ^(Qr(i)(fl(*')> ■ • ■ ,Zr(i)-l(t'))) 
= v(Qr(i)(xi(t'), ■ ■ ■ ,%{i)-l{t'))) 

= v{x r{i) {t')) 

for 1 < i < n — A. 

Now we perform the MTS 

S(t') -> S{t") 

T T 

fl(f) -» J2(t") 

of the proof of Theorem 4.9 [6] (with I = n). Because of the form of the gj, we have 
for 1 < j < n — A, 

ff j =Si(O 6l0 ' ) "-af.(*") 6 ' ' ) ^ 
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where 

g j = d 3 x r(]) (t") mod {x^t"), . . . .JiVyj.^t"))^*") + m{R{t")) 2 
for some nonzero dj G R(t")/m(R(t")), where 

vixtf'pV) . . .z s (i") Mj) ) = v{% U) {t')) = v{z r{j) (t')). (6) 
We further have 

for 1 < i < n — A with ft-i G R{t') and 

i/(zi(t") ClW • • -Xsit'T^) > max ^(z r0) (t)) (7) 

for 1 < j < n — A by (5). By Lemma 4.2 [6], (6) and (7), we can further choose the 
final CUTS of type (Ml) (on the top of page 89 of [6]) so that 

ej(i) > maxi< Q ,< n _ A 6j(a) 

for 1 < j < s and 1 < i < n — A. 

Let A = a matrix with coefficients in R{t"). 

Mi ' 

A : 

\ M„-A / 

where for 1 < i < n — A, 

d i =x 1 (t") b ^ +1 ---x s (t") b ^+% 
for some d 4 £ R(t"). Thus 

5l =gi + di Gp(£(0)oo 

and 

5i = dix r (i)(t") mod ... , x r (i)_i(t"))R(t") + m(R(t")) 2 . 

Thus (51, . . . ,g n -\) is a complete intersection and a regular prime ideal in R(t"). 
Since X(R(t"j) = A (by Theorem 6.3), we have that (51,... ,g n -\) is a basis of 
p(fi(i")) 00 . Since (gi, . . . , g n -\)S(t") is a prime ideal and X(S(t")) = A (by Theorem 
6.4), it follows that p(R(t")) 00 S(t") = p(5 , (i"))oo- 

We can now make a change of variables in the regular parameters (xi(t"), . . . , x n {t")) 
and (yi(t"), . . . ,y n (t")) of the proof of Theorem 4.9 [6] to get the desired forms of 
the <7j. 

{v(xi), . . . , v{x s )} and {v*(yi), . . . , v*(y s )} are rational bases of F* ® Q by the 
construction of the sequence R* — > i? and 5* — > S 1 . □ 

7. Rank 1 valuations 

Let notations be as in Section 4. Further assume that V has rank 1. Consider our 
directed set {Ri | i G /} satisfying (a), (b), (c) and (d). For i G 7, we define 

p 4 = p(Ri)oo ={f GRi\ v(f) = 00}. 

For i < j, the natural inclusions Ri — > i?j induce inclusions Ri/pi — > Rj/pj. Thus 
{Ri/pi i G /} is a directed system, and we have a local domain 

T = lim_Rj/pj = URi/pi. 
Let if oo be the quotient field of T. 
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Lemma 7.1. Suppose that V has rank 1. Then the ring T = Ui<=iRi/pi does not 
depend on the directed system of rings {Ri \ i £ 1} satisfying (a), (b), (c) and (d). 

Proof. The proof is essentially the same as that of Lemma 4.1. We must observe 
that the inclusion Ri — > Sj of the proof of Lemma 4.1 induces a natural inclusion 
Ri/Pi — > Sj/qj, where qj = {/ £ Sj \ u(f) = oo}. □ 

Theorem 7.2 is a generalization of Zariski's local uniformization theorem [23]. Our 
proof is an extension in rank 1 of the proof for general rank in [9, 6.2]. We incorporate 
the conclusions of Theorem 6.5 which resolves the prime ideal of infinite value terms. 

Theorem 7.2. Let k be a field of characteristic zero, K an algebraic function field 
over k, and let v be a rank 1 k-valuation of K , of rational rank s, with valuation ring 
V. Let 

n = trdeg k K — trdeg k V/m v , 
A = Ay (defined before Theorem 6.3). 

Then there exists a partially ordered set I and algebraic regular local rings {Ri | 
i £ 1} with quotient field K which are dominated by V such that 

V = \imRj = UjeiRj 

and Rj has regular parameters (x\(j), . . . ,x n (j)) such that 
(1) 

is a rational basis ofT ® Q. 

(2) If j < k e I then there are relations 

s 

x i (j)=l[x l (k) di '5 i (8) 
i=i 

for 1 < i < s where Si <G Rk are units. The s x s matrix D(j, k) — (du) of (8) 
has nonzero determinant. 

(3) The prime ideal 

Pj = p(Rj)°o = {.f e Rj | v(f) = oo} = (gi{j), . . . ,g n -x(j)) 

with 



gi(j) = x s+i (j) mod m(R 



\2 



J) 



In particular, pj is a regular prime. 
(4) For j G /, let Aj be the free Z-module Aj — J2i=i Then 

T = lim Aj = Uj e /Aj. 

Proof. Let R* be an algebraic regular local ring such that V dominates R* . By 
Theorem 6.5 (with K = K* and R* = S*), there exists a sequence of monoidal 
transforms R* — > i?o along V such that (1) and (3) of this theorem hold on R n . 

Suppose that to is a positive integer and / = (fi, ■ ■ ■ , f m ) £ V m ■ We will construct 
a sequence of monoidal transforms i? — ► Rf along V such that /i, . . . , f m £ Rf, (1) 
and (3) of this theorem hold for Rf and (2) of this theorem holds for i? — ► Rf- We 
will further have v{f\), ■ ■ ■ , v(f m ) e A/. 

By Theorem 4.9 [9] with the R* , S* of the statement of Theorem 4.9 set as R* = 
S* = Rq, and v { = Zj(0) if 1 < i < s, and v s+1 = fi,... ,v s+m = f m , there 
exists a sequence of monoidal transforms i?o — * ^i along V such that (1) of this 
theorem holds for R\, (2) of this theorem holds for Rq — > R\, /i, . . . , f m £ Ri and 
v{xi), . . . ,y(x s ) £ Ai. By Theorem 6.5 (with K = K* , R* = S*) and Remark 6.6, 
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there exists a sequence of monoidal transforms R\ — > Rf along V such that (1), (2) 
and (3) of this theorem hold for Rq — > i?/ and v(fi),... ,v(f m ) G A/. We have 
dct£>(0, /) 7^ since {i/(xi(0)) 1 < i < s} and {^(a;»(/)) | 1 < i < s} are two bases 
of r ® Q. 

Let J = U me N + ^ m be the disjoint union. For / E J we construct i?/ as above. If 
/ = we let Rq be the i?o constructed above. Define a partial order on I by / < g if 
R f c 

Suppose that R a C Rp. We have Rq C R a C Rp. 

s 

for 1 < z < s with <5j a unit in R a and 

s 

a?i(0) = Y[x j ((3) d »e i 

3 = 1 

for 1 < i < s with ej a unit in Rp. Thus in Rp there are factorizations 

s 

3 = 1 

for 1 < i < s and A» a unit in i?/3. We have det(D(a, (3)) ^ since (1) holds for i? a 
and J?/3. Thus (2) holds for R a — > i?^. To show that V = lim_> we must verify 
that / is a directed set. That is, for a, (3 £ I, there exists -f E I such that R a C i? 7 
and i?,3 C i? 7 . 

There exists /i, • • • , /t G V such that if A = . . . , f t ], m = A (~l my then 
i? Q = y4 m . There exists gi, ■ ■ ■ , <?„ G V such that if -B = k[g±, . . . , g n ], n = B n my 
then i?^ = _B„. Set 7 = (/1, ... ,ft,9i, ■ ■ ■ ,g n )- By construction, A,B E R 7 . Since 
my n i? 7 = m 7 is the maximal ideal of i? 7 , we have R a , Rp C R^ . 

(4) holds by our construction, since v(f) G A/ if / G V. □ 

Theorem 7.3. Suppose that V has rank 1 and k has characteristic zero. Then the 
ring T = U, e /(i?,/p,) is a valuation ring. 

Proof. Let s denote the rational rank of v. By Lemma 7.1 we can assume that the 
rings Ri's are as in Theorem 7.2. Ri has regular parameters x\(i), . . . ,x n (i) and 
Ri = i?i/m_Rj[xi(i), . . . , x n (i)]]. 

Let f e R^ We recall that if v(f) < 00, then by Theorem 4.8 and Theorem 4.10 
[6] after a MTS Ri R(l) along 1/ 

f = x 1 (l) d ^--x s (l) d °u(x 1 (l),... ,x n (l)) 

where x(l), . . . ,x n (l) are regular parameters in the ring i?(l), v(x(l)), . . . , u(x s (l)) 

are rationally independent and u G -R(l) is a unit power series. Further, there exist 
units Qj e R(l) such that 

=x 1 {l) 01 ^ - i,(l) A < i 'a i 

for 1 < j < s. 

Let /i G Q(T). We want to show that either h G T, or G T. So it suffices 
to show that if z/(/i) > 0, then h E T. Write h = a/b where a E Ui e iRi/pi and 
7^ b E Ui e jRi/pi. Then a G Rj/Pj for some j G /, and 6 G Rk/pk for some k E I. 
After a MTS J?j #(1) along f we have 

a = ^(l)* • ■ -3F a (l) d -«(3Fi(l), . . . ,3f n (l)) 
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where £i(l), . . . ,x n (l) are regular parameters in the ring R(l) and u G i?(l) is a 
unit. Further, there exist units atj G i?(l) such that 

Xj-(i) =X!{l) 0l{j) ■■■x s {l) M) a j (9) 

for 1 < j < s. 

After another MTS Rk — > i?(2) along ^ we have 

& = ^(2) ei • • •x s (2) e ^'(S 1 (2), . . . ,x„(2)) 

where xi(2), . . . ,x n (2) are regular parameters in the ring R(2) and v! € i?(2) is a 
unit. Further, there exist units 7^ G ^(2) such that 

x j (k)=x 1 (2) 5 ^---x s (2) 5 ^ lj (10) 

for 1 < j < s. 

_ We have that i?(l) = . . . , /m]m v nfe[/i,-,/m] for some /ii--->/m G V", and 
Sn]mvn/t[5i,...,j„] some <7i, . . . , G V. 
Let c = . . . , / m , 51, . . . , ffn) G Let i? c be constructed as in the proof of 

Theorem 7.2. Then i? c G U JG /i?i and C i? c , #(2) C i? c . The ring i? c has regular 
parameters xi(c), . . . ,x n (c) and by (2) of Theorem 7.2 and (9) and (10) the "good 
form" of a and 6 is preserved in R c : 

a = xi(c) ai . . .x s (c) as u(xi(c), . . .,x n (c)) 

b = .Ti(c) bl . . .x s (c) ha u'(x-t{c), . . .,x n (c)) 
where u and u' are units in R c . 

Let g = Xl (c) ai ...x s (c) a °/ Xl (c) bl ...x s (c) h °. Since g G K = Q(R C ) and v(g) = 
v(h) > 0, we have that g G V and g G R g , which is in the directed system /. We have 
g = xilgY 1 ■ ■ ■ Xs(g)f s w(xi(g) 7 . . . x n {g)) with fi > for every i and w a unit in R g . 
There exists 7 G / such that R c G R 1 and R g G i? 7 . Then 

ft = xi(7) (l . . .a; ;s (7)* s w)(xi(7), . . . ,x n (-y)), 
with > for every i and w a unit in i? 7 . Hence ft G i? 7 and so ft G T. □ 

Theorem 7.4. Suppose that V has rank 1 and k has characteristic zero. Then 

(1) (T, Q(T)) is an Henselian immediate extension of(V,K). 

(2) There exists a directed system of regular local rings {Ri} satisfying (a), (b), 
(c), and (d) such that each Ri/pi is a regular local ring, and T = URi/pi. 

Proof. Let Ki be the quotient field of Ri/pi- Then for all i G /, (T n Ki, Ki) is 
an immediate extension of (V,K) by Lemma 5.3. Thus (T,Q(T)) is an immediate 
extension of (V, K). 

By an extension of Proposition 4.2, T is Henselian. 

Statement (2) follows from the construction of Theorem 7.2. □ 

Suppose that W is a rank 1 valuation ring, with valuation to. Let 4>{x) = e _w ^' 
for x G L = Q(W). A sequence (xi) ieN of elements of L is (/>-Cauchy if given e > 0, 
there exists no such that (f>(x n — x m ) < e for all to, n > n (Section 2, [10]). W is said 
to be complete if all </>-Cauchy sequences (xi) converge to an x G L. 

Example 7.5. Even ifV has rank 1 and T = T is a valuation ring, {which necessarily 
has residue field k{T) = k(V) and value group Ty = Tt), (T, K^) is not in general 
complete. In particular, it is not a maximal immediate extension (in the sense of 
Krull [18] and Kaplansky [16]). 
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Proof. Let K = k{x,y) be a rational function field in two variables over a field k 
of characteristic zero. Let R = k[x,y]r x<y y Let v be the rank one valuation of K 
with nondiscrete value group which we can take to be Q and residue field k which 
dominates R constructed in Example 3, page 102 of [24]. Let 

R — > Ri — y i?2 — y ■ • ■ — ► Ri — > ■ ■ ■ 

be the system of regular local rings for i G N of the construction such that URi = V 
is the valuation ring of v. 

We will first establish that T = URi is a valuation ring with residue field k(V) and 
value group Q. For any fixed i, let qi = {/ G Ri | v(f) = oo}. By Lemma 5.3 v 
extends uniquely to a valuation of Q(Ri/qi) which dominates Ri/qi and has residue 
field k and value group Q. If qi ^ (0), then Ri/qi is a 1 dimensional excellent local 
ring, so the only valuation rings of Q{R%/qi) which dominate Ri/qi are discrete, which 
is a contradiction. Thus qi — 0. By Theorems 7.3 and 7.4, T = T is a valuation ring 
with value group Q and residue field k. 

In each regular local ring Ri there is the sequence of all valuation ideals 

• • • C I n (i) C • • • C h(i) C I (i) = miRi) C Ri. 

Letpj(i) = v(Ij(i)). For fixed j, Urrij^ooPj^) = oo (c.f. Lemma 2.3 [6]). Notice that 
UieN UjgN {Pj{i)} = Q+j but arbitrarily large elements of Q + are not in Uj e ^{pj(i)} 
for a fixed i since Uj g N{pj(i)} is not discrete. 

We can inductively construct for all i <E N, er(i), X(i) e N and a, G I\(i) such 
that i < a(i), a(i - 1) < a(i), vfa) = P\(i)(o-(i)), 

v{ ai )> max {p A(0 )(o-(0)),... ,p\(i-i)(a(i - 1)), i}, 

and p X (i)(o-(i)) £ U k<lj{l) U jeN {pj(k)} for every i. 
For i G N, set a% = a\ + ■ ■ ■ + a,. For i < j, we have 

v{oij - ai) = v{a i+ i) > i. 

Thus {ai} is a 0-Cauchy sequence. Suppose that there exists a limit r G of {ai}. 
Then 

v(t - ati) = p x{i+1) (a(i + 1)) (11) 

for all i, by the definition of a limit. We have t G T so that r G -R CT (i) for some i. 
Thus r — a.i G -Ro-(i) . But by (11) we have that v(t — «j) is not the value of an element 
of R a (i) , a contradiction. □ 



8. Ramification of completions of rank 1 valuation rings 

Theorem 8.1 is a generalization of Theorem 6.3 [9], which resolves the prime ideal 
of infinite value terms. 

Theorem 8.1. Let k be a field of characteristic zero, K an algebraic function field 
over k, K* a finite algebraic extension of K, V* a rank 1 k-valuation ring of K* of 
rational rank s, V — V* fl K . Let 

e = [r* : T] 

be the ramification index of V* relative to V, 

f = [V*/m v , : V/m v ] 
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be the residue degree ofV* relative to V, and let r be a primitive element ofV*/my 
over V/mv- Let 

n = trdegkK* — trdegkV* /my. = trdeg^K — trdegkV/my, 

A = Ay = Ay» (as shown in Theorem 6.4). 

Then there exists a partially ordered set I and algebraic regular local rings {Si | i E 
1} with quotient field K* which are dominated by V* where Sj has regular parameters 
(Vi{j), ■■■ ,Vn{j)) such that 
(1) 

KMj)),... ,S{y.U))} 
is a rational basis ofT* <g> Q. 

(2) For all k € J there exist algebraic regular local rings Ro(k) with quotient field 
K which are dominated by V such that there exist factorizations 

R (k) -^R k ^S k 

so that there are regular parameters (x\(k), ....,x n (k)) inRo(k), units 5\{k), .. . 1 S s (k) € 
Sk and a s x s matrix A(k) = (aij(k)) of nonnegative integers such that 
det(A(k)) ^ and 

Xl (k) = yi{k) a ^ ■ ■ ■ y s {k) a ^5i{k) 

Xs {k) = yi (kr^--- ys (kr^s s (k) (12) 

x s+ i(k) =y s+ i(k) 
x n {k) =y n {k). 

Rk is a normal local ring with quotient field K {which is obtained by a 
toric blowup of R (k)) such that Sk is a localization at a maximal ideal of the 
integral closure of Rk in K* . The prime ideals 

Pj = P(Rj)°c = {/ € Rj I v{f) = 00} = {gi(j), ■ ■ ■ ,9n-\(j)) 

with 

9i(j) = %s+i(j) mod m(R j )' 2 

and 

Qj = p(Sj)oo = piR^ocSj = (.gi (j), . . . ,g n -\(j)) 

with 

9i(j) = Vs+i(j) mod m(5j) 2 . 
Furthermore, there are isomorphisms of abelian groups 

r*/r = z s /A(k)z s , 

[S k /m Sk : R k /m Rk ] = f, | det(A(k)) |= e, [QF(S k ) : QF(R k )} = ef 

and S k /m Sk = R k /m Rk [T}. 

(3) Let k' be an algebraic closure of V* /my ■ Suppose that j < k G I . 

(a) There are relations 

s 

c=l 

where di C are natural numbers and ti e Sk is a unit for 1 < i < s. Let 
D(j, k) be the s x s matrix of (13). Then det(D(j, k)) ^ 0. 
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(b) There exists a commutative diagram 



Rk — * Sk 

T T (W) 

Rj — ► Sj 



(c) FFe have actions ofY*/T on Sj ®Sj/m Sj suc ^ that 

(Sj ®S 3 /m Sj k'f' /r = Rj ® R] /m Rj ti 

for all j, and this action is compatible with restriction. 
We have an isomorphism 

Sj®s j/m s, k'^k'iiy^j),... ,y n (j)}} 

where y^j),... ,y n (j) are defined by 

. . .y s (j)"i.U) ifl<i< 8 



ViU) if s + l<i<n 



Let (b a ^(j)) — adjA(j) and u> be a primitive e-th root of unity. The action 
o/r*/r o?i Sj ®s 3 /m s , k' ^ fc'[[yi(j), • • • ,V n {j)}] ts defined for 



by 

(4) 

and 



c e z s /A(j)z s ~ r*/r 

V a (J) ifs + l<j<n. 

V* = ]im.Sj = U je iSj 
V = lim Rj = UjeiRj. 



For j 6 /, let Aj be the free Z module Aj = J2i=i u { x i{j))'^'i an d ^ ^j be 
the free Z module flj — ^* =1 Then 

T = limAj = Uj^iAj 

and 

T* = lim ft j = U jeI Qj. 

Proof. Suppose that R' is the regular local ring of Theorem 6.1 [9], and R is the 
regular local ring of Theorem 6.4. By Theorem 6.1 [9], there exists a sequence of local 
rings 

-Ro(O) — > i?o —* 5*0 

such that R' C Ro(0), R c Rq(0) and the conclusions of Theorem 6.3 [9] and Theorem 
6.5 hold for this sequence. In particular, (1) and (2) of the theorem hold for Ro(0) — > 
—* So andp(S'o)oo, p(Ro)oc have the desired form. 

Suppose that m is a positive integer, / = • • • , f m ) S (V*) m . Set Ui = j/i(0), 
1 < i < n. Set w„+i = fi for 1 < i < m. H fi e V* Pi K = V , also set Vi = /j. 

By Theorem 4.9 [9] and Theorem 6.1 [9], with the R*, S* in the assumptions of 
Theorem 4.9 [9] set as R* = Rq(0), S* — So, and with the {ui} and {vi} defined as 
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above, and then applying Theorem 6.5 (and Remark 6.6), there exists a commutative 
diagram 

R (f) - R f - S f 

t T 
Ro(0) -► S 

such that the vertical arrows are sequences of monoidal transforms along V* , (1) and 

(2) of this theorem hold for 

Ro(f) —> Rf —> Sf 
and (3) (a) of this theorem holds for 

Rf - s f 
t T • 
Ro — ► So 

We have that det(D(0, /)) 7^ since (1) holds for So and Sf. Define a partial ordering 
on I = U meN+ (V*) m by / < g if Sf c S s . We will associate to e 7* the sequence 
i?o(0) — > i?o — > So constructed in the beginning of the proof. Suppose that a < [3. 
We have 

So c S Q c Sp 

so the proof of (2) of Theorem 7.2 shows that (3) (a) of this Theorem holds for a, (3. 
(3)(b) holds since 

R a = S a ("1 K C Sp ("1 K = Rp. 

(3) (c) is immediate, since the conclusions of Theorem 6.1 [9] hold. In particular, (11) 
of Theorem 4.7 [9] holds. 

Finally, we will establish (4) of the Theorem. By construction, V* — Uj^iSj. If 
/ G V, we have / G Sf fl K = Rf, thus V = Dj e iRj. By construction, {Jj e iQj = V* , 
since v*(f) € 0/ for / e V*. We also have Uj- e /Aj = V, since G A/ for / G V. 
/ is a directed set as shown in the proof of Theorem 7.2. □ 

Theorem 8.2. Let assumptions be as in Theorem 8.1. There exists a partially ordered 
set I and algebraic regular local rings {Si \ i € 1} with quotient field K* which are 
dominated by V* and algebraic local rings with toric singularities {Ri \ i G /} such 
that 

(1) 

V* = limSi = U.e/S,, V = limR, = U ieI Ri 

and each Si is a localization at a maximal ideal of the integral closure of Ri 
in if*. 

(2) Sj/p(Sj)oo are regular local rings for all j and 

T* = lim Sj/p(Sj)oo 

is a Henselian valuation ring such that (T*, Q(T*)) is an immediate extension 
of(V*,K*). 

(3) Rj/pfe^oo has normal toric singularities for all j and 

T = lim Rj/piRj)^ 

is a Henselian valuation ring such that (T,Q(T)) is an immediate extension 
of(V,K). 

(4) Further suppose that k — V*/my is algebraically closed (of characteristic 
zero). Then the action ofT*/T on Sj by k-algebra isomorphisms extends to 
an action of T* /V on Sj/p(Sj) oot and an action of T* /Y on T* such that 
Rj/p(RjU - (SjMSjUfr and T = [T*) T * l T . 
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Proof. The theorem follows from Theorems 8.1, 7.3 and 7.4. The fact that p(Sj)oo is 
fixed by T* /V follows from (2) of Theorem 8.1. □ 

Now the proof of Theorem 1.3 follows from Theorem 8.2. The proof that Q(U*) is 
Galois over Q(U) is as in Theorem 1.2. 
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